We investigate the metric dependence of the partition function of the self-dual p-form gauge field on an arbitrary Riemannian manifold. Using geometric quantization of the space of middledimensional forms, we derive a projectively flat connection on its space of polarizations. This connection governs metric dependence of the partition function of the self-dual field. We show that the dependence is essentially given by the Cheeger half-torsion of the underlying manifold.
Introduction and summary
The self-dual gauge field is a p-form gauge field whose field strength is constrained by a selfduality condition. In a spacetime with Lorentz signature, real self-dual gauge fields can exist only in dimension 4ℓ+2. They appear on the two-dimensional worldsheet of the heterotic string, on the six-dimensional worldvolume of the M5-branes and type IIA NS5-branes as well as in the ten-dimensional spacetime of type IIB supergravity. Yet, this theory has remained mysterious and ill-understood for a long time because of the absence of a simple covariant Lagrangian description.
Witten proposed in [1] a radically new way of studying the self-dual field theory. He argued that the partition function of the self-dual 2ℓ-form gauge field theory on a 4ℓ + 2 manifold M , as a function of an external 2ℓ + 1-form gauge field, could be constructed by geometric quantization of the spaceÃ of 2ℓ + 1-forms on M .Ã carries a natural symplectic structure, given by the intersection product, which is antisymmetric in this degree.
Let us recall the basics of Kähler geometric quantization [2, 3] and see how it can be used to understand the metric dependence of the partition function. Given a symplectic manifoldÃ, one first pick a complex structure that turns the symplectic form into a Kähler form. One then has to construct a "prequantum" holomorphic line bundle whose first Chern class coincides with the cohomology class of the symplectic form. The "quantum" Hilbert space associated with the quantum system is defined as the space of holomorphic sections of the prequantum bundle. This procedure involves an arbitrary choice of a complex structure onÃ. In order for the quantization to be independent of this choice, one has to provide a way of identifying the Hilbert spaces obtained with different complex structures. This is performed by considering the family of Hilbert spaces constructed in this way as a bundle over the space of complex structures, and by providing a projectively flat connection on this bundle. The latter allows to identify canonically rays of vectors, i.e. quantum states, in neighboring fibers.
In the case of interest to us, up to identifications given by large gauge transformations, the symplectic spaceÃ is an infinite-dimensional affine space. Choosing a metric on the manifold M on which the theory is defined naturally endowsÃ with a complex structure, given by the Hodge star operator, which squares to −½ onÃ. Moreover, the quantum Hilbert space is onedimensional and according to Witten's argument, the unique section of the prequantum bundle is the partition function of the self-dual field, as a function of the external gauge field. We see therefore that the projectively flat connection provided by geometric quantization, which relates sections of the prequantum bundle for different choices of complex structures, provides a mean to understand the metric dependence of the partition function of the self-dual field theory.
In this work, we carry out this program in detail. We will see that the projectively flat connection on the quantum bundle does indeed determines the metric dependence of the partition function, albeit not in a form as explicit as one might have wished. The connection contains a central term given by a certain product of regularized determinants of Laplacians, very reminiscent of Ray and Singer's analytic torsion [4, 5, 6 ]. This object (or more precisely its square) appeared at least once in the mathematical literature under the name of Cheeger's half-torsion [7] . It does not enjoy the nice topological invariance properties of the Ray-Singer torsion, and even its dependence on conformal transformations of the metric seems very involved [7] . The square root of the Cheeger half-torsion can essentially be seen as the norm of the one-loop determinant of the self-dual field. If it is set aside, a simple dependence on the metric remains, factoring through the restriction of the Hodge star operator on harmonic forms and captured by a Siegel theta function [1] . Therefore all the non-triviality of the metric dependence is contained in Cheeger's half-torsion. In an appendix to this paper, we specialize to the dimension six case that is of interest for the five-branes in type IIA string theory and M-theory. Using our result about the self-dual field, we compute the norm of the one-loop determinant of the (2,0) multiplet on a Calabi-Yau threefold, and show that it coincides with the square root of the Bershadsky-Cecotti-Ooguri-Vafa (BCOV) torsion [8, 9] . The BCOV torsion has a much simpler dependence on the metric of the underlying Calabi-Yau: as it can be expressed in terms of complex Ray-Singer torsions, it is independent of the Kähler class of the metric. The BCOV torsion arises as the norm of the one-loop determinant of the B-model, so this result confirms the link between the five-brane worldvolume theory and the B-model conjectured in [10, 11] . We should however stress that the determinant of the (2,0) multiplet is really a square root of the determinant of the B-model. Moreover, as our argument makes a crucial use of the covariantly constant spinors existing on Calabi-Yau manifolds, it seems unlikely that this equality would continue to hold on more general (complex) six-manifolds.
The non-trivial curvature of the connection on the quantum bundle reflects the fact that the self-dual field displays a local gravitational anomaly. We show how Cheeger's half-torsion can be seen as the torsion of a certain complex. By folding this complex, we recover the Dirac operator appearing in the familiar derivation of the local anomaly using index theory [12] .
Sadly, geometric quantization says nothing about the global anomaly (the holonomies of the connection). The reason for this is simple: geometric quantization yields a connection on the space of polarizations, or complex structures, of the symplectic space to be quantized. In our case, this is the space of Hodge star operators modulo diffeomorphisms isotopic to the identity.
Global anomalies are associated to "large" diffeomorphisms that are not isotopic to the identity (equivalently to elements of the mapping class group of M ) and therefore cannot be obtained from geometric quantization. Put differently, geometric quantization only produces a connection on the universal covering of the space of metrics modulo diffeomorphisms, and there is no canonical way to push it down to a connection on the space of metrics modulo diffeomorphisms.
The computation of the gravitational anomaly of the self-dual field should really be addressed, as the only available formula [13] is valid only in the case where the manifold M has vanishing middle-dimensional cohomolgy. A knowledge of the global gravitational anomaly would be necessary to check the cancellation of global gravitational anomalies in M-theory backgrounds including M5-branes (see for instance [14] ). We hope to show in a future paper that the work of Hopkins and Singer [15] allows to settle this question.
Here is a summary of the organization of the paper. Sections 2 and 3 are devoted to the construction of a projectively flat connection on the quantum bundle. Section 2 is an introduction to the method of geometric quantization, applied to affine spaces. In section 3, we apply the results of section 2 to the case of the self-dual field. We derive explicitly the projectively flat connection governing the metric dependence of the partition function. In section 4, we compute the local anomaly. We show in section 5 that the anomaly affects only the phase of the partition function, and that its well-defined norm is essentially given by the square root of Cheeger's half-torsion. We make contact with the usual derivation of the local anomaly through index theory in section 6. Finally, in appendix A, we compute the one-loop determinant of the (2,0) supermultiplet on a Calabi-Yau threefold.
Geometric quantization
In this section, we review the Kähler geometric quantization of affine spaces. Although this is standard material (see [3] ), we pay a particular attention to the measure on the reduced phase space induced by symplectic reduction. This point is crucial to derive the correct projectively flat connection on the quantum bundle and obtain the dependence of the partition function of the self-dual field on the metric.
Geometric quantization of affine spaces
Suppose we are given a real affine space A of dimension 2n endowed with a symplectic form ω.
Let J be a complex structure on A compatible with the affine structure of A. We furthermore require that ω(., J.) is positive-definite and that ω is of type (1, 1). Such a complex structure turns A into a Kähler manifold. We choose global holomorphic and antiholomorphic coordinates {z i } and {z i } on A. We will find it useful to follow the convention of [3] and underline holomorphic indices (e.g. i) and overline antiholomorphic ones (e.g. i).
An affine complex structure on A can be characterized by its ±i eigenspaces on the complexification of the tangent bundle of A: T A = W ⊕W. The latter is actually a positive polarization of T A, namely a decomposition into maximally isotropic subspaces such that
The latter condition follows from the fact that ω(., J.) is positive definite. A reference positive polarization W 0 is mapped onto another positive polarization under any real symplectomorphism of T A. This action turns out to be transitive, with stabilizer given by the group of unitary transformations of W. The set of affine complex structures can therefore be identified with the symmetric space Sp(2n, Ê)/U(g). This coset space has an alternative description as the Siegel upper half-plane, namely the set of symmetric n × n matrices with positive definite imaginary part. We will sometimes refer to the space of complex structures as the period domain, and write it C n . Note that C n is contractible.
Let L be a prequantum bundle, i.e. a line bundle on A equipped with a connection ∇ whose curvature equals −iω. As ω is of type (1, 1), we have [∇ i , ∇ j ] = 0 and L is automatically equipped with a holomorphic structure. The prequantum bundle can be identified with the trivial line bundle over A with Hermitian structure |ψ| 2 = exp(−h)ψψ, where h is a complex function such that∂∂h = −iω.
The Hilbert space H | J associated to the quantization of A is given by the holomorphic square integrable sections of L . The phase space coordinates z i are quantized into multiplication operators by z i , while the coordinatesz i act as ∂ ∂z i . As the notation suggests, H | J depends on the complex structure J, which was not part of the original quantization problem. As it stands, the quantization procedure yields a quantum bundle over the space C n of affine complex structures, with fiber H | J over J ∈ C n . In order to insure the independence of the quantization on the choice of J, we have to construct a projectively flat connection on the quantum bundle. Such a connection allows to identify canonically the rays of H | J with those of H | J+δJ .
Note that C n is naturally a complex manifold because its tangent space decomposes into infinitesimal deformations of holomorphic and antiholomorphic functions on A. Let δ be the differential on C n . Its holomorphic and antiholomorphic components are denoted by δ (1,0) and δ (0,1) , respectively. δJ is a 1-form on C n .
In the case when A is a finite dimensional affine space, the connection δ H on H has a simple expression ([3] , section 1):
This connection has the following crucial properties:
• It preserves holomorphicity, i.e. it maps holomorphic sections of the prequantum bundle to holomorphic sections. This is a necessary condition to ensure that the connection preserves the fibers of the quantum bundle.
• It is projectively flat, so that rays of holomorphic sections of the quantum bundle are canonically identified along C n .
• It is unitary, with respect to the hermitian structure defined by
for ψ 1 , ψ 2 elements of H .
• The connection form Q is of type (1, 0) as an End(L )-valued 1-form on C n . This fact can be explained as follows. Recall that the antiholomorphic directions on C n parameterize the deformations of antiholomorphic functions on A. As the quantum bundle C n is built out of the holomorphic sections of L , transport in the antiholomorphic directions of C n should act trivially on H , so the connection form has to be of type (1, 0).
For proofs of these three properties, see [3] . We will repeat them in the slightly more general case considered next.
Symplectic reduction and non-trivial hermitian structures
We would like to generalize the construction of the projectively flat connection δ H to the case when the affine symplectic space A comes from the symplectic reduction of a (possibly infinite dimensional) affine symplectic spaceÃ through the action ρ of a Lie group G.
We denote byC the space of affine complex structures onÃ. AsÃ is an infinite dimensional space, a precise definition ofC has to include a description of its topology. There exists a construction of an infinite dimensional analog of the Siegel upper half-plane [16] , but it is unclear to us if it contains the set of polarizations we are interested in, namely the polarizations on the space of 2ℓ + 1-forms obtained from Hodge star operators. In the next section, we will propose a precise definition ofC in this case, together with a topology making it contractible.
For now, we will only need the fact thatC has a complex structure, which is automatic as it is itself a moduli space of complex structures (see the case of C n in the previous section).
Recall that we can associate a moment map to the action of G, namely a map F :Ã → g * such that (t, δÃF (v)) = ω(v, ρ(t)). In the previous equation, g := Lie(G), t ∈ g, (., .) is the natural pairing between g and g * , and δÃ is the differential onÃ. The symplectic reduction of A by G is the space of orbits of G on F −1 (0). Let us pickJ ∈C. This choice induces metric g onÃ:
We decompose the moment map on a basis dual to a basis {t α } of g: F = F α t * α . By the definition of the moment map, any vector v ∈ T F −1 (0) satisfies
3) so T F −1 (0) is the orthogonal complement of Jρ(g). We can therefore identify T A with the complement in T F −1 (0) of ρ(g) and we get the decomposition:
AsJ is an orthogonal transformation and leaves ρ(g ) invariant, it projects down to a complex structure on T A. Therefore, we get a map π :C → C n .
We now come to an important point. The measure onÃ induces a natural measure on A through the symplectic reduction. At a point of A, this measure is proportional to the regularized volume of the corresponding orbit of A in F −1 (0). The induced measure determines the Hermitian structure on the quantum line bundle through (2.2). In general, as a function onC, it does not factor through C n . As a result, the quantum bundle, its Hermitian structure and the projective connection have to be constructed onC.
The quantum bundleH overC is defined as the pull-back by π of the bundle of holomorphic sections of the prequantum bundle L . Let us describe the non-trivial measure by a function u : A ×C → Ê + . The Hermitian structure onH is given by
Let us now make the important assumption that u(J) is constant along A. This is the case we will encounter in the next section in the case of the self-dual abelian gauge field. The generalization to the case when this assumption is not valid has been described to some extent in [3] .
Recall that for a consistent geometric quantization, we have four requirement for the connection δH , as explained at the end of the previous section: δH should preserve holomorphicity, be projectively flat, be unitary and admit a purely (1, 0) connection form. It turns out that these properties fully determines δH :
where J =J| T A and by a slight abuse of notation, we are writing now δ for the differential oñ C. Let us now check them in turn.
Holomorphicity preservation
Write ω = ω ij da i da j where a i are affine coordinates on A and observe that the fact that J is compatible with ω reads
so ωJ and ωδJ are represented by symmetric matrices. Writing P ± = 1 2 (1∓iJ) for the projectors on the holomorphic and antiholomorphic tangent bundles, we get δP − = i 2 δJ. We can compute
where we used the fact that the curvature of ∇ is −iω, as well as the symmetry of ωδJ.
Projective flatness
As the holomorphic components of ∇ commute, Q ∧ Q = 0. We can compute the curvature of δH as follows:
where we used
to extract a commutator. From (2.9), we see that the curvature (δH ) 2 acts by scalar multiplication on the fibers ofH , so δH is projectively flat.
Unitarity δH is unitary with respect to (., .) if
Using the expression (2.5) for the Hermitian structure, we get for (2.11) after canceling on both sides the terms involving δψ 1 and δψ 2 :
h.c. denoting the hermitian conjugate of the first term of the right-hand side. As (., .) L is compatible with ∇, we can use integration by part on the first term of the right-hand side, which vanishes because ψ 2 is holomorphic. The hermitian conjugate term vanishes as well.
Finally, the remaining terms on the second line coincide with the left-hand side. Hence the equality is verified and δH is unitarity.
Moreover it is obvious that the connection form Q as defined in (2.6) is of type (1, 0). The connection δH therefore has the four properties required for a consistent geometric quantization.
The self-dual field
We are now ready to construct the connection δH in the case relevant to the quantization of the self-dual field. In the section 3.1, we identify the ingredients of the construction of the last section in the case of the self-dual field. The explicit form of the connection is computed in section 3.2. In this derivation, we disregard global issues associated to large gauge transformations and large diffeomorphisms that are irrelevant for the derivation of the local form (2.6) of the connection. We include these global considerations in section 3.3. We focus here on the geometric quantization problem and refer the reader to the papers [1, 17] for the physical motivation of this construction.
Symplectic reduction on the space of 2ℓ + 1 forms
We consider a 2ℓ-form gauge field with self-dual field strength on a compact 4ℓ + 2 manifold M .
The partition function of the self-dual field is constructed holographically in [1, 17] as the wave function of a (2ℓ + 1)-form abelian spin Chern-Simons theory. The restriction of the ChernSimons field on the manifold M is identified with the background gauge field A coupling to the self-dual field, and the wave function of the Chern-Simons theory gives the partition function of the self-dual field. We refer the reader to the two papers [1, 17] for a detailed exposition of these ideas. Practically, we will construct the wave function by geometric quantization of the space gauge fields A on M . We will see that the abstract formalism developed in the previous section is perfectly suited to solve this problem. Note that we are considering here the case where the level k of the Chern-Simons theory is equal to 1 in the conventions of [17] .
Gauge fields as differential cocycles
We first have to determine the space of background gauge fields A. Gauge fields with possibly non-trivial topology are best described in the formalism of differential cohomology [18, 15] (see section 2 of [19] for a pedagogical introduction).
Let C p (M, k) denote the space of smooth Čech cochains valued in k. Recall that a differential p-cochain is a triplet
One can define a differential
In accordance with the usual terminology, differential p-cocycles are elements of the kernel of d.
We denote byČ p (M ) the space of differential p-cochains and byŽ p (M ) the space of differential
being the field strength of the gauge field. A gauge transformation is given by the addition of the differential of an element ofČ p−1 (M ) with vanishing field strength.
The space of gauge fields on our manifold M isŽ 2ℓ+2 (M ). It has an infinite number of connected components labeled by the class of c in H 2ℓ+2 (M, ). In each connected component,
we have a subspace parameterized by the closed form ω. As ω − c is exact, the De Rahm cohomology class of ω is fixed by the class of c. This subspace is therefore an affine space modeled on Ω 2ℓ+2 exact (M ), the space of exact forms of degree 2ℓ + 2. For fixed c and ω, a is fixed
As exacts forms of degree 2ℓ + 2 are in bijection with coexact forms in degree 2ℓ + 1, we find that each connected component inŽ 2ℓ+2 (M ) is an infinite dimensional affine space modeled on Ω 2ℓ+1 (M ).
Let us now investigate the structure of the gauge group G. Exact elements inČ 2ℓ+2 (M ) with vanishing field strength are of the form (δc, −δa − c, 0). −δa − c is simply a real cocycle with integral periods, or equivalently an element of Ω 2ℓ+1 Z (M ), the set of (2ℓ + 1)-forms with integral periods. Therefore
It is associated with small gauge transformations. For ξ ∈ Ω 2ℓ+1 Z (M ) and A ∈Ž 2ℓ+2 (M ), the action of the gauge group is simply the affine transformation
We make a choice for the integral cohomology class c of the field strength of the background field, which selects a single componentÃ inŽ 2ℓ+2 (M ). Physically, this amounts to specifying a flux background on M .Ã is the affine space we would like to quantize. The symplectic form onÃ reads
where φ 1 , φ 2 ∈ T AÃ ≃ Ω 2ℓ+1 (M ) are tangent vectors at A ∈Ã. Note that this form is compatible with the affine structure onÃ.
Moment map
The action (3.3) preserves the symplectic form (3.4). We will temporarily ignore large gauge transformation and consider only the action of G 0 onÃ.
Let us find the moment map for the action of G 0 . We set g = Lie(G 0 ) ≃ Ω 2ℓ coexact (M ). The tangent vector corresponding to the infinitesimal action of ǫ ∈ g is −dǫ. Recall that the moment map is a function F :Ã → g * satisfying
by Poincaré duality. We can therefore rewrite (3.5) more explicitly: 6) where in the second equality, we used the definition of the differential δÃ. Let us write A = (c, a, ω), and decompose ω = ω 0 + ω A , where ω 0 is the harmonic form satisfying ω 0 − c = 0 and ω A has a trivial image in cohomology. Then the infinitesimal variation of A generated by the vector φ changes ω A to ω A + dφ. Therefore a simple integration by part shows that
. We recovered the well-known fact that the moment map associated to gauge transformations is given by the field strength of the gauge field, generalized here to the case of gauge fields with non-trivial topology.
Symplectic reduction
The equations of motion of Chern-Simons theory impose F (A) = δ sources , where δ sources is a closed (2ℓ + 2)-form accounting for the possible sources for the background gauge field on M .
The equations of motion are invariant under the action of the gauge group G 0 , so the system can be reduced to
, it is clear that A is a torsor on H 2ℓ+1 (M ), the space of harmonic (2ℓ + 1)-forms on M . Therefore it is a finite dimensional affine space.
Complex structures on A
The choice of a metric g on M provides a Hodge star operator * acting on Ω 2ℓ+1 (M ) = TÃ.
In dimension 4ℓ + 2, the Hodge star squares to −½ on Ω 2ℓ+1 (M ), thereby providing a complex structure onÃ.
We must now make the definition of the moduli of complex structuresC more precise. To this end, we can take advantage of the fact that the Hodge star operator commutes with the Laplacian, and that the eigenvalues of latter defines a natural filtration onÃ. For each λ ∈ Ê + of the Laplacian, define A λ to be the finite dimensional space of eigenforms with eigenvalue less than λ. Let C λ be the Siegel upper-half plane of polarizations of T A λ and let us choose a reference polarization onÃ generated by some metric on M . Given a polarization on A λ , we can complete it to a polarization of A λ ′ for any λ < λ ′ , using the reference polarization on A λ ′ /A λ . Therefore we have inclusions C λ ⊂ C λ ′ for any λ < λ ′ . Now defineC as the direct limit of the family {C λ } λ∈Ê + . As a direct limit of contractible spaces,C is contractible as well.
While it is not completely clear whetherC is independent of the choice of reference polarization or not, it is clear that it contains all the polarizations that can be obtained from metrics on M through the associated Hodge star operator. This is sufficient for our purpose.
The Hodge star operator provides a map from the space M of all Riemannian metrics on M into the infinite period domainC. We also saw in the previous section that there exists a projection map π :C → C n onto the finite dimensional period domain parameterizing the complex structures on the symplectically reduced phase space A. In our case, the map π simply corresponds to the restriction of the Hodge star operator to the space of harmonic forms
Measure on the symplectic reduction
We endowÃ with a constant measure. This measure pushes down to a measure on A, after restriction to F −1 (δ sources ) and integration along the orbits of G 0 . The induced measure was computed in the appendix C of [17] (see also section 3 of [20] ) and is given by
where Da H is the measure coming from the natural L 2 norm on harmonic 2ℓ + 1-forms, V p is the volume of the torus of harmonic p-forms and det ′ denotes the zeta-regularized determinant.
Because of these determinants, u is a function onC that does not push down to a function on C n . Let us briefly recall how the zeta regularized determinant is defined (see for instance section 9.6 of [21] or chapter 5 of [22] ). The zeta function associated to det
for Re(s) > 1, where we wrote Spec p for the spectrum of
. ζ admits a meromorphic extension to the whole complex plane and is holomorphic at s = 0. The regularized determinant is 10) where ζ ′ p is the derivative of ζ p . From (3.9), it is clear that ζ(s) is real for s real and larger than 1. As a result, ζ p (s) is real on the whole real axis (except at possible singularities), so ζ ′ p (0) is real as well. u 2 (g) is therefore valued in Ê + , u(g) can be taken as the positive square root and it defines a constant measure on A.
Now we can apply the treatment of section 2.2, with the same notation. We get a connection (2.6) on the quantum bundle that is projectively flat and unitary.
Explicit computation of the projective connection
In this section, we pick a coordinate system on A and a trivialization of L to compute explicitly the connection δH .
The coordinate system
We choose a base point in A and get an isomorphism of A with the space of harmonic forms H 2ℓ+1 . We denote the lattice H 2ℓ+1 Z (M ) of integral harmonic forms by Λ. We choose a Lagrangian decomposition H 2ℓ+1 = V 1 ⊕ V 2 , which induces a decomposition Λ = Λ 1 ⊕ Λ 2 . We also pick a basis
The complex structure induced by the metric through the Hodge star operator is characterized by a period matrix τ . By definition, the holomorphic (constant) vectors fields are linear combinations of the vectors
It may seem like an awkward choice that the holomorphic vector fields should depend on τ antiholomorphically. However, with this choice the holomorphic coordinates (3.14) depend holomorphically on τ . We introduce coordinates a i , b i such that
, with
We also define h ij = i (τ −τ ) −1 ij . When indices are omitted, this matrix is denoted by h −1 .
Then
ω can is expressed as follows:
The total derivatives with respect to the matrix elements of τ are given by:
where the partial derivative ∂ ∂τ ij is taken with z i andz i held constant. τ is a symmetric matrix:
To avoid clumsy summation signs, we use the convention
The space of affine complex structureC on Ω 2ℓ+1 (M ) is parameterized by τ ij ,τ ij as well as an infinite set of extra holomorphic and antiholomorphic coordinates that we write τ α andτ α , respectively.
Trivialization
The explicit form of δH can take many equivalent forms, each related to a choice of trivialization of the prequantum bundle L . With the most natural choice, the data on the prequantum bundle reads:
As required, ∇ has curvature −iω.
It is useful to find a trivialization in which the holomorphic sections of L are independent of the coordinatesz j . This amounts to requiring that
. This is realized by the change of trivialization ψ → sψ, for ψ a section of L and
Performing the corresponding gauge transformation (∇, δ) → (s∇s −1 , sδs −1 ), we get:
The one-form δJ on T
We have Jζ j = −iζ j ,ζ j = α j + τ jk β k . Therefore
We deduce
The connection form Q Recall that
To compute ω −1 , we have to express ω in the basis {dz i , dz i } dual to {ζ i ,ζ i }: ω = 2πih ij dz i ∧dz j .
We have therefore:
Formula for δH Replacing (3.17), (3.21) and (3.27) in the definition (2.6), we get an explicit form for the connection on the quantum bundle:
It might be puzzling to the reader that a connection should take the form of a second order differential operator. One should remember that the quantum bundle has as fiber the space of holomorphic sections of the prequantum bundle. The z-dependent second order differential operator is a linear operator acting on holomorphic sections, and once a basis for the latter is chosen, one gets a more familiar matrix-valued connection, as we will see explicitly later.
Let us note that δH differs by a 1-form from the pull-back by π of the following connection
on a bundle H on C n . δH is therefore gauge equivalent to the pull-back of δ H toC. However, the one-form δ (1,0) ln u is not the pull-back of a one-form on C n , therefore the partition function itself does not pull-back from a section of H . Because of the obvious convenience of working with bundles over a finite dimensional space, we will use δ H to study topological questions about the partition function.
Global issues
So far, our derivation of the connection on the quantum bundle has been purely local on A and on M, the manifold of Riemannian metrics on M . To simplify the discussion, we ignored two global issues that were irrelevant for the local derivation of δH . We now would like to discuss them.
Large gauge transformations
The first issue is that instead of the affine space A, we should really quantize the torus J = A/Λ.
Physically, it can be interpreted as the fact that the background field is defined up to large gauge transformations. Just as in the affine case, the Hodge star operator provides a complex structure on J . The intersection form endows J with the structure of a principally polarized abelian variety. This abelian variety is known as the Lazzeri intermediate Jacobian [23, 24] . 1 The symmetric holomorphic line bundles on J with curvature ω are classified by a charac- [25] . We will call them L η . It is worth mentioning that the connection (3.19) can be seen as the pull-back to A of a connection on L η for any η. Indeed, a connection on the trivial line bundle L on A does not determine uniquely a connection on a bundle over
Each of the bundles L η admits up to scalar multiples a unique holomorphic section, given by the level one theta function with the corresponding characteristic. The quantum bundle H η is therefore a line bundle that a priori depends on η. The theta function governs the dependence of the partition function on the background 2ℓ + 1-form field. In the trivialization (3.21), they take the form of classical theta functions:
where η = (η 1 , η 2 ). In our setup, the characteristic is not determined by physics: it is a free parameter of the self-dual field theory. By seeing the theta function as an instanton sum, one can interpret the characteristic as a discrete theta angle [1] . To avoid confusion with theta functions, we will always refer to the theta angle as the "characteristic". A choice of characteristic is also equivalent to a choice of quadratic refinement of the intersection form (QRIF) on the middle dimensional cohomology of M [17] .
The classical theta functions satisfy the famous heat equation:
and we can use them to trivialize the quantum bundle H η on C n . We can write ψ = p(τ )θ η (z, τ ) for a section ψ of H η , and p a holomorphic function. We get in this trivialization the following simple form for the connection on H η :
We can trivializeH in the same way, and the connection δH then reads
Large diffeomorphisms
The second global issue concerns the space of Riemannian metrics M. We expect a quantum field theory to be invariant under coordinate changes on the manifold M on which it is defined.
As a result, the partition function should be defined on the space of metrics M quotiented by the group D of diffeomorphisms of M . The self-dual field theory is more subtle, because the characteristic is not invariant under all diffeomorphisms. The best way to deal with this lack of invariance depends on the physical model in which the self-dual field theory is embedded (see [11] for an example). As we are considering the self-dual theory for itself, this lack of invariance simply means that the partition function can be defined only on the quotient of the space of metric by the group of diffeomorphisms preserving the characteristic. Because of the existence of a gravitational anomaly, the partition function is the section of a line bundle on this quotient.
Describing this line bundle is an important problem.
An important clue for the description of the anomaly line bundle comes from the fact that the action of diffeomorphisms on the space of metrics descends, through its action on the Hodge star operator, to an action onC and C n . The latter factorizes through the familiar action of Sp(2n, ) on the Siegel upper half-plane. The subgroup of Sp(2n, ) preserving all the characteristics is the level 2 congruence subgroup Γ (2) 2n , defined as the kernel of the reduction modulo two Sp(2n, ) → Sp(2n, 2 ). The quotient T n of C n by Γ (2) 2n is a modular variety whose Picard group is known [26, 27] . We believe that this knowledge will be very useful for a precise description of the anomaly bundle of the self-dual field (see [20] ). We will see that the connection we derived from geometric quantization allows to determine the real Chern class of this bundle.
Unfortunately, there is no way to deduce the integral Chern class from geometric quantization, because the connection is defined on the universal covering C n (see also the discussion about the prequantum line bundle in the previous section). There should be a way of deriving this information as well as the global gravitational anomaly from the evaluation on mapping tori of the spin Chern-Simons action constructed by Hopkins and Singer [15] , but we leave this for future work.
As we cannot get any global information from geometric quantization, we will continue to consider the quantum bundles H η as bundles with connection on C n , instead as bundles on T n .
It is clear that, as bundles with connection on C n , they are all isomorphic to each other, but as bundles on T n they might differ by a torsion class. We will continue to write H η to remind the reader about this fact.
Local gravitational anomaly
In this section, we study the local anomaly of the self-dual field theory. The latter is related to the curvature of the connection δH η derived in the previous section. Topologically, we identify the inverse of the quantum bundle as a square root of the holomorphic cotangent bundle of A.
However, we would like first to clarify the relation ofH η to the anomaly bundle of the self-dual field theory, that is the bundle of which the partition function of the self-dual field theory is a section of.
The Hermitian structure ofH η can be encoded in a real function K overC, such that
The function K, sometimes called the Kähler potential, can be extracted from the connection onH η . Indeed, in order to be compatible with the Hermitian structure, it has to take the form
Given a polarization, the state of the 4ℓ + 3-dimensional Chern-Simons theory associated with the 4ℓ + 2 manifold M is an element of the corresponding fiber ofH η . The set of states for different choices of polarizations forms a section ofH η . As it represents a state, it is natural to require the norm of this section to be constant overH η , for instance equal to 1. The normalized state of the Chern-Simons theory then reads
Now we would like to interpret Ψ CS as the partition function of the self-dual field theory on M . We expect the latter to be a holomorphic object onC, because it depends on the metric only through the action of the Hodge star operator on self-dual forms (and not on its action on anti self-dual forms). But Ψ CS is clearly not a holomorphic section ofH η , because of the factor exp(K/2). The only way to see Ψ CS as a holomorphic object onC is to see it as a section of the bundle (H η ) −1 . Indeed, there exists a trivialization of (H η ) −1 in which holomorphic sections take the form of holomorphic functions multiplied by exp(K/2). In the canonical trivialization, the Hermitian norm of (H η ) −1 is given by
But in the (non-holomorphic) trivialization of (H η ) −1 in which the Kähler potential vanishes, holomorphic sections take the form (4.3). If Ψ CS is to be seen as a holomorphic object, it therefore has to be seen as a section of (H η ) −1 . As a result, we learn that the anomaly bundle of the self-dual field theory is the inverse of the quantum bundle. This subtle point, that we missed in the first version of this paper, is nicely confirmed by the path integral construction of the partition function of the self-dual field theory [20] .
Let us compute the curvature of δH η . From (3.33), the curvature reads:
Similarly, the curvature of the connection (3.32) on H η is given by
As R(δH η ) does not vanish, the self-dual field displays a local gravitational anomaly, as was discovered a long time ago by Alvarez-Gaumé and Witten [12] . We will make contact with their result later in the paper, when we will have identified the relevant Dirac operator. Note that the curvature is independent of η, which means that the bundles H η , considered as bundles over T n , differ at most by a torsion class.
As a bundle on C n , (H η ) −1 coincides with the square root of the determinant bundle K of the holomorphic cotangent space of A. 3 Let us check that the curvature of K is given by minus twice the curvature of H η . Note that K has an obvious global non-vanishing holomorphic section s over C n , given by
Using the explicit expression (3.14) of the coordinates z i , we can compute the norm of s:
where v is the volume form da 1 ∧ ... ∧ da n ∧ db 1 ∧ ... ∧ db n . We can use s to trivialize K , and in this trivialization, the hermitian structure reads
where
The holomorphic connection compatible with this hermitian structure is δ K := δ + δ (1,0) ln det(h), whose curvature is obviously
Therefore modulo torsion, (H η ) −1 is a square root of K .
Metric dependence of the partition function
This section is devoted to the study of the norm of the partition function of the self-dual field, as a function on the space of metrics. We first show that thanks to the unitarity of δH , only the phase of the partition function is ill-defined. We then demonstrate that the non-trivial metric dependence of the norm is given by the square root of the Cheeger half-torsion of M .
Normalization factor
As was mentioned in section 3.3, the metric dependence of the partition function has to be described on the infinite dimensional spaceC, rather than on C n . Recall the expression (3.33) for the connection ∇H η , obtained by expressing sections ofH η as ψ = p θ η :
We express the Chern-Simons state Ψ CS in the same way: Ψ CS = p CS θ η . The parallel transport of the Chern-Simons state alongC is described by the set of partial differential equations δH p CS = 0. Of course, this set of PDE's is not integrable, because of the local anomaly described in the previous section. However, the norm of p CS satisfies:
which has the obvious solution:
Recalling that h = −i(τ −τ ), this reproduces the expression obtained in [17] , equation ( 
Half-torsion
In this section, we show that the measure u, defined in (3.8), can be seen as the torsion of a certain complex, in the spirit of the work of Ray and Singer [6, 5, 4] .
In the following discussion, it is useful to recall that the Hodge star operator squares to (−1) p on the space of p-forms on M , written Ω p . Consider the (complexified) De Rahm complex Ω • of M . Define so ∂ is a differential on the following complex :
where (.) SD is the projection on the eigenspace of the Hodge operator with eigenvalue −(−i) p .
As any element in (Ω p ⊕ Ω 4ℓ+2−p ) SD can be written as ω − i p * ω, ω ∈ Ω p , we can check that ∂ preserves the self-duality condition. The complex (5.5) is elliptic and the formal adjoint of ∂ is easily computed:
The associated Laplacian coincides with the usual one:
By analogy with the definitions of Ray and Singer [6, 5, 4] , the torsion of the complex (5.5) 8) where det ′ (X) denotes the zeta-regularized determinant of X on the complement of its kernel.
We can rewrite T SD as follows:
To go from the first to the second line, we used for the first term the fact that for each self-dual form with no component on Ω 2ℓ+1 (M ), its projection on the space of forms with degree less than 2ℓ + 1 shares the same eigenvalue of the Laplacian. To understand the form of the second term, note that on the complement of the kernel of the Laplacian, there is a bijection dd † between Ω 2ℓ+1 SD (M ) and the kernel of d, with inverse ∆ −1 (1 − i 2ℓ+1 * ). This bijection commutes with ∆, hence we can replace the determinant of the Laplacian on the space of self-dual forms with the determinant of dd † on Imd. To get the final form, we used the fact that dd † | Ω p (M )∩Imd and
Comparing with (3.8), we see that 10) where V p is the volume of the torus of harmonic p-form in the L 2 metric.
The torsion T SD , known as Cheeger's half-torsion, is the object encoding the non-trivial dependence of the partition function of the self-dual field on the metric of the underlying manifold. It was defined in an unpublished work by Cheeger in the 80's. Although it is a close cousin of Ray-Singer analytic torsion, it has a highly non-trivial metric dependence. To our knowledge, it appeared explicitly only once in the literature, in a review by Branson [7] 4 . In this paper, it was shown that its variations under conformal variation of the metric could be expressed as an integral of a certain density on the manifold. The explicit form of the density was however not completely determined.
A variational formula for the half-torsion can be derived [28] , in the spirit of the work of Bismut and Lott [29] on Ray-Singer torsion. However it involves in its current form the asymptotic expansion of a certain heat kernel that is hard to compute explicitly.
6 Index theory
Determinant bundle
Given an elliptic complex like (5.5), its associated torsion can be used to define a natural
Hermitian structure on its determinant bundle, the Quillen metric [30] (see also [31] ). The function u, which determines the Hermitian structure on the quantum bundle H η , can therefore be thought of as the square root of the Quillen metric on the determinant bundle D η of the complex (5.5). This strongly suggests that H η should be a square root of D. Let us see that it is indeed the case, modulo torsion.
D is defined as follows:
where Det(E ) denotes the determinant line bundle of a vector bundle E , and H • is the space of harmonic forms on M , seen as a bundle on C n . The last identity comes from the bundle
The line bundles Det(H p ), p = 0, ..., 2ℓ are trivial, so they cannot contribute to the integral Chern class of D. Indeed, H p is the complexification of H p Ê , the bundle of real harmonic p-forms.
, which is nothing but the bundle K introduced in section 4. This shows that, at least modulo torsion, H η is a square root of D.
Dirac operator and local anomaly
We are now ready to make contact with the result of Alvarez-Gaumé and Witten [12] on the local gravitational anomaly of the self-dual field.
Let us define the collapsed complex associated to (5.5):
Let S be the spin bundle of M , and S + and S − its components with respect to the 2 -grading . We have isomorphisms (Ω even ) SD ≃ S + ⊗ S + , (Ω odd ) SD ≃ S − ⊗ S + . 5 We see that D is the Dirac operator on M coupled to chiral spinors. Moreover, the determinant bundle of the index bundle of D is isomorphic to D. This is due to the fact that the kernel and the cokernel of D are given by spaces of harmonic forms, whose dimensions are constant over the space of metrics.
The non-triviality of the index bundle is therefore completely contained in the determinant of the space of zero modes (see section 4 of [32] ).
D is exactly the Dirac operator used by Alvarez-Gaumé and Witten to compute the local anomaly of the self-dual field [12, 33] . Their idea was to supplement the anomalous self-dual field with auxiliary non-anomalous p-forms, p = 0, ..., 2ℓ to obtain a Clifford representation and use index theory. For a family of manifolds with metric Y → B with fiber M , a straightforward application of the Bismut-Freed formula [34, 35, 31] yields the usual formula for curvature of D
, (6.3) where R(T M ) is the curvature of T M , seen as a bundle over M × B. The exponent (2) denotes the projection on the two-form component and the L-genus is defined by
It is interesting to note that only D ≃ (H η ) 2 has an analytic interpretation as the determinant bundle of a Dirac operator. In Lorentzian signature, a symplectic Majorana condition can be imposed on the complex (6.2), which makes it clear that D is the square of a line bundle. In
Euclidean signature, the formula (6.3) is usually inconspicuously divided by two, yet there is no warranty that the resulting two-form defines an integral cohomology class and one can question the existence of the anomaly bundle of the self-dual field on manifolds of Euclidean signature.
In dimension 8ℓ + 2, the fact that the spinors are quaternionic in dimension 8ℓ + 4 implies that the index of D is even and that R(D) defines an even cohomology class [31] . However, no similar argument is available in dimension 8ℓ + 6, the case of interest for the five-branes.
This puzzle should be resolved by the investigation of the anomaly bundle with the formalism of Hopkins and Singer [15] . For instance in their work, the formula (6.3) is "divided by two" in a non-trivial way involving a quadratic refinement of the intersection form, a choice of which is equivalent to a choice of characteristic. We also believe the global anomaly can be determined by evaluating their action on mapping tori. We plan to come back to these issue in a future publication. The self-dual field in six dimensions appears notably in the (2,0) supermultiplet that lives on the worldvolume of the M5-and NS5-branes in M-theory and type IIA string theory. The one loop determinant of this supermultiplet governs the amplitude of the corrections to low-energy supergravity by five-brane instantons. We want to compute its norm, in the case when M is a Calabi-Yau threefold. We focus only on the contribution from the non-zero modes.
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The worldvolume of a single five-brane contains scalar and fermionic fields in addition to a real self-dual field. There are five real scalars, corresponding for the M5-brane to the five transverse directions to the brane. In the case of the type IIA NS5-brane, one of the scalars is an axion associated to the M-theory circle. The fermions can be described as follows. Let S + N be the chiral spinor bundle associated to the normal bundle of the worldvolume of the five-brane.
The structure group of the latter is SO(5) ≃ U Sp(4), so a symplectic Majorana condition can be imposed on S N , yielding a spinor bundle S We consider now a space-time of the form M × Ê 4 , where M is a Calabi-Yau threefold and we let a five-brane wrap M at the origin of Ê 4 . Let us denote by det ′ ∆ pq the zeta-regularized determinant of the Laplacian on M acting on the complement of its kernel in the space of (p, q)-forms. On a Calabi-Yau, these determinants satisfy the relations (see for instance [37] )
We already saw that the norm of the one-loop determinant of the self-dual field on the worldvolume of the five-brane is given by the square root of the Cheeger half-torsion of M .
Using (5.8), we see that it can be written in terms of the determinants above as:
Now (det ′ ∆ 00 ) is simply the determinant of the Laplacian on the space of functions on M , so the scalars give an extra factor (det ′ ∆ 00 ) −5/2 .
The contribution of the fermions is more subtle to compute. First recall that a Calabi-Yau manifold admits a covariantly constant chiral spinor ψ 0 ∈ Γ(S + T , M ), that we can see as a section of a line bundle P over M . The complement of P in S + T is a bundleS with SU (3) structure group and the Laplacian preserves the decomposition S T =S ⊕ P. Note also that in our setup, the normal bundle of M is trivial, so S Let us write the generators of the Clifford algebra of the cotangent space of M as γ µ . We have a relation between the holomorphic 3-form Ω on the Calabi-Yau and the covariantly constant spinor: Ω µνσ = ψ T 0 γ µνσ ψ 0 , γ µνσ being the totally antisymmetric product of three gamma matrices (see for instance [38] , page 378 and following). We deduce that, if we denote respectively holomorphic and anti-holomorphic indices by underlining and overlining, the covariantly constant spinor satisfies γ µ ψ 0 = 0. Now we can get an explicit form of the isomorphism between Therefore we find thatS ⊗ P * ≃ Ω (2,0) (M ) and P ⊗ P * ≃ Ω (0,0) (M ).
By tensoring sections ofS with ψ * 0 , we get a bijectioñ
Because ψ 0 is covariantly constant, the map (A.4) commutes with the Laplacian and the contribution of the fermions to the one-loop determinant is given by det ′ ∆ 20 det ′ ∆ 00 = det ′ ∆ 10 det ′ ∆ 00 .
Assembling all the contributions to the one-loop determinant of the (2,0) supermultiplet, we get:
T BCOV is the Bershadsky-Cecotti-Ooguri-Vafa torsion, that appears in the one-loop determinant of the B-model. Such a relation between the determinants of the partition functions of the topological string and the five-brane has been conjectured in [10, 11] . Note as well that the quantization of the intermediate Jacobian of a Calabi-Yau threefold also appears naturally in relation to the B-model [39, 40, 41, 42] . However to our knowledge the one-loop determinant has not been derived in this framework.
